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n-dimensional lattice paths are enumerated by generating functions which are 
Gaussian multinomial coefficients in the case of unrestricted paths. Convolutions 
for path counts are studied which yield a q-Vandermonde convolution and a deter- 
minant of Gaussian multinomial coefficients as the generating function for certain 
restricted paths. 
1. INTRODUCTION 
A lattice path, p = (p(O), p(I),..., p(s)), will be a finite sequence of points 
in the integer lattice Z” such that for each j > 0, p(j) - p(j - 1) = ek, for 
some k, 1 < k < n. Here, ek is the unit vector with kth coordinate equal to 1. 
pk(j) will denote the kth coordinate of the jth point on the path p, 
For any vector u = (u,, u z ,..., unPl), where I+ E N (the nonnegative 
integers), and any real V, let (u, v) denote the vector (u,, u2 ,..., u,,-,, v). Let 
u^ denote u,+u~+~~~+u,-,. For positive q # 1 and u # 0, the Gaussian 
muliinomial coefJicient of (u, v), denoted by [u, v], is defined to be 
“+I? - I)(q”+G-’ - 1) .,. (q”+’ _ 1) 
r!L,,, (P- l)(q”‘-’ - 1) *** (q - 1) * 
(1.1) 
Further define 10, v] = 1 and [u, v] = 0 if u & N”-‘. As q + 1, [u, v] reduces 
to the multinomial coefficient. When n = 2, we shall denote [u, U] by the 
customary notation of [ “iU 1. It will be convenient to let [u] denote 
[(u,, uz,..., u,,- I), u”]. It is essential for our results that (1.1) is defined for 
all real v. 
Suppose p is an n-dimensional path. Each arbitrary edge from p(j - 1) to 
p(j) is in a unique kth direction, and correspondingly, pk(j) - pk(j - 1) = 1. 
With such an edge we shall associate the factor qEi>xpici). Thus we make the 
following definition: For any n-dimensional path set S, let 
Q(S) = 2 quCp), where 
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V(P) = s (J%(j) -P/0 - 1)) ~&Pi(j). (l-2) 
j>O l<k<n 
For n = 2, this definition is readily illustrated: To the unit edge from (u, u) to 
(u’, 0’) we will associate the factor 4” if the edge is horizontal, or the factor 
1 if the edge is vertical. 
If (x : x’) denotes the set of all paths from x to x’, we shall show 
THEOREM 1.1. Q(<O : u)> = 1~1. 
Since this theorem is the q-analogue of the fact that the cardinality of 
(0 : u) is a multinomial coefficient, Q(S) will be called a q-count. In the next 
section we shall use the q-Pascal rule to prove this theorem. In Section 3, we 
shall give a graph theoretical result which yields the “convolutions for path 
q-counts” of the later sections: a generalized q-multinomial Vandermonde 
convolution and a recursive system for q-counts of restricted path sets. The 
solution of this system is a determinant of q-multinomial coefficients as given 
by our principal result, Theorem 5.3. In the last section we shall briefly 
mention some q-counts which are related to the r-major index. 
For two-dimensional paths we shall preview Theorem 5.3. Let f and g be 
nondecreasing integer-valued functions such that f(i) < g(i) on the domain 
{0, 1,2,..., x}. Let S denote the set of paths from (O,f(O)) to (x, g(x)) such 
that f(u) < v <g(u) whenever (u, U) is a point of any path in S, other than 
the initial point. Then 
Q(S) = qx det q l/Zci-i+l)ci-i)tci-i+l)cfci)) g(i - 1) -f(j) 
j-i+ 1 I) 1 (1.3) + 
where l<i,j<x, and [:]+=,[i] if u<u or u=O, and [f]+=O, 
otherwise. 
Kreweras [7] possibly gave the first such determinant formula, essentially 
(5.5), for q+ 1. Carlitz [3; 1, Sect. 11.21 proved (1.3) and (5.5) for a 
constant lower bound. Recently, Gessel [5] proved a result containing (1.3) 
and (5.5) for generating functions for plane partitions that generalizes two- 
dimensional q-counts. Handa and Mohanty [6,9] considered multidimen- 
sional paths and established Theorem 5.3 for q-+ 1. 
2. PRELIMINARIES 
Our motivation for defining one class of q-counts comes from the q-Pascal 
rules. 
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THEOREM 2.1. 
[u:~]=q~ [“-;‘I+ [“‘:-‘1 
[u] = s qzi>*ui[u - e*]. 
I<k<fl 
ProoJ IfzT=u,fu,+~*~ + u,, each side of (2.2) is equal to 
s qz+*yq”* - l)/(q” - l)[u]. 
*>I 
(2.1) 
P-2) 
Proof of Theorem 1.1. Since every path in (0 : u) must pass through 
u - ek, for some k, we have by (1.2) that 
Q((0 : u)) = 1 q”‘@iQ((O : U - e,)), 
l<k<n 
which is the same recurrence relation satisfied by [u] in (2.2). Since 
Q((0 : 0)) = [O] = 1, we can complete the proof by induction. 
For S c (u : x) and t E Z “, let S + t denote the path set ((p(O) + t, p( 1) + 
t ,..., p(s) + t): p E S}. We have the “translation” lemma, 
LEMMA 2.2. 
Q(s + t) = q ~k>l(Xk-Uk)‘i>k’iQ(s). 
Proof. This follows (1.2) since 
“(P + t, = x x (Pk(j) + *k - (Pk(j - ‘) + ?k)) c (Pi(j) + [i) 
i>O k>l i>k 
=V(P) + c 2 (Pk(j)-Pk(j- ‘1) c ti* 
j>O k>l i>k 
We can establish a second translation result directly from (1.1). 
LEMMA 2.3. 
[u, -u - I] = (-1)” qW’:[u, u - u^]. 
Remark 2.4. In the following we will utilize Q to derive formulas by 
translating path sets without restriction in the direction of the nth axis. If the 
coordinate of the real variable is changed from the nth coordinate in 
definition (1. 1), then unrestricted translations can be made in the direction of 
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the new real coordinate. Because Lemma 2.2 is nonsymmetrical, different 
formulas will be produced. Except for Remark 5.4 such formulas are 
omitted. 
3. ENUMERATION LEMMAS 
Our results will stem from the following elementary result of graph theory: 
Let D be any directed graph. For any points a and b in D, let (a : b) be the 
set of paths from a to b and let (a : b)R be the set of paths from a to b which 
avoid the point set R, except possibly at a. Let cc) be any “multiplicative” 
weight function defined on the paths. w  is multiplicative if 
w(p) = o(p’)w(p”) for any paths p’ and p” such that p is their 
concatenation. Then we have 
LEMMA 3.1. If b 65 R and every path in (a : b) intersects R, 
c o(p) = x c s o(p’) o(p”). 
PE (a:b) CER p’~(atc) p”s(c.b) . R 
Pro@ A path from a to b meets R at a last point c. 
We will consider this lemma in the case where the points of D comprise a 
subset of L” and o corresponds to a q-count. Our goal is to select R so that 
the factors of the lemma yield Gaussian coefficients with an unrestricted nth 
coordinate. As an example we have 
LEMMA 3.2. Let (x, y) be a point of N”. Let R G Z” be any set such that 
every path in ((0,O): (x, y + z’)) intersects R + z’e, = {r + z’e, : r E R} for 
every z’ E N. For any real z, 
[x,y+z] = c q’“-“‘Z[ U, V + Zl Q<(h V>: cxY y))R)’ (3.1) 
(u.u)ER 
ProoJ: For any z E N, Lemma 3.1 implies 
[X,Y + Z] = x [W V + Z] Q((h V + Z): (X,Y + ‘)>R+Lc~)’ 
(u,u)ER 
By Lemma 2.2, we have (3.1) valid as a polynomial identity in qZ for all 
z E N. The validity of (3.1) can be extended to all real q’, and thus to all 
real z. 
This lemma has the following ‘interpretation: For any real z, consider the 
lattice paths on the point set N”-r x Z + ze,. If every sufficiently long path 
to (x, y + z) passed through R + ze,, then [x, y + z] is expressible as a 
q-COUNTING n-DIMENSIONAL LATTICE PATHS 139 
combination of Gaussian coefficients evaluated at each (II, u + z) in R + ze,. 
As a particular example we have, for real z, 
z+x [ 1 X = i q(x-u)r [z’u,- ‘1. u=Cl (3.2) 
4. GENERALIZED q-VANDnRkfoNDn CONVOLUTIONS 
One consequence of the previous section is a generalized q-multinominal 
Vandermonde convolution of the type given by Bender [2] and then extended 
by Evans [4] and the author [ 1 I]. Here we shall give a slight modification of 
the result of [ 1 I], so that now the Gaussian coefficients are not necessarily 
path counts. 
F E Z n is said to be an order ideal in Z” if w  E F and w’ < w  imply 
w’ E F. w’ < w  means w[ < wi for each i. For any (u, u) E F, let B(u, v) 
denote {(u, v) + ej: (u, v) + ei& F}. For u, w  and t E N”-‘, let 
E(u9 w7 t, = C/~>l(~k- uk) Ci>k Ii. 
THEOREM 4.1. I;or any x E IN”-‘, let F be an order ideal in Z” such that 
(x, y,) E F for some positive integer y,. For any real y and z, 
[x, y + z] = c c qE(u.x.u’)+(P-j)(u’+r) [& u + z] [x - u’, y - v’]. 
(U,U)EF (U’,U’)EB(Y.U) 
(4.1) 
Proof: Let y be any positive integer such that (x, y) @ F. The existence of 
y, allows us to use Lemma 3.2. Thus we have (3.1) with F replacing R. By 
(1.2) and, then, since F is an order ideal, 
Q((<u, v>: (x, y)>p) = 1 s”i”“,QK(u’, 0: (xv Y))F) 
= y xi>jUj Zk>I(Xk-‘JZl>k’( 
1,q q ,Y--‘I 
=cq ~k>,(Xk-“k)&kU;[X - ,,‘,y - $1, 
where each sum is over (u’, v’) E B(u, v) and u; denotes v’. Insert the last 
sum into (3.1) and we have the validity of (4.1) for an infinite number of 
positive y’s. Since (4.1) is valid as a polynomial in qy for an infinite number 
of values, its validity can be extended to all real qy and, hence, to all real y. 
COROLLARY 4.2. For real y and z, 
bTYl= 2 9 
E(u,r,u)+(i-~)(z--P)[u,Z _ u^][x -u,y-z + ;] (4.2) 
O<u<x 
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and 
[X,Y] = F7 
O<Z& 
4 ~(u,x,u)+(i~ri)(r+l)[U, z][x -“u,y -z I 1,. (4.3) 
We use (2.2) in deriving (4.2). We note that if y and z are integers such 
that 0 < z < y, then we have the following path interpretation: For (4.2), the 
upper boundary of the order ideal is strictly decreasing and, thus, there are 
no restrictions on the paths when they leave the boundary. For (4.3) the 
upper boundary of the order ideal is “horizontal” and each path is only 
restricted to leave the boundary along an edge parallel to the nth axis. We 
remark that each of these identities implies the other by Lemma 2.3. 
5. A DETERMINANT FORMULA 
In this section t, u, and x will always be in N”-’ and satisfy 0 < t f u < x. f 
and g will denote nondecreasing integer-valued functions satisfying 
f(u) <g(u) on the domain {u: 0 < u < x). Let (t, x,f, g) denote the restricted 
set of all paths p in ((t,f(t)): (x, g(x))) such that f(u) < v < g(u) whenever 
(u, v) is on p and (u, u) # (t,f(t)). Lemma 5.2 gives a recursive system of q- 
counts which is solved in Theorem 5.3 for Q(0, x,f, g). 
If {(u,j(u)): 0 Q u < x) denotes the function J; then for any real z, 
f+ z = {(u,f(u) + z): 0 <u < x} can be viewed as a translation of 5 If 
S(t, u) is the Kronecker delta, then S, will denote the function 
{(u, S(t, u)): 0 < u < x). 
As a consequence of Lemma 3.1, we have 
LEMMA 5.1. For any t and for any integer z such that f(t) + z > 0, 
e<t, x, 6, - 1, g + z) = s 4 (i-li)rQ(t, u, 6, - I, min(gJ(u)) + z) Q(u, x,f, g). 
Y 
where min( g,f(u)) denotes the function ((w, mm( g(w),f(u))): 0 < w < x}. 
Proof. In the directed graph of the lattice paths on H”, let D be the 
directed subgraph on the points {(u, v): v <g(u) + z, 0 <u < x}. Let 
R = { (uJ(u) + z): 0 Q u < x }. By Lemma 3.1, we find 
Q<t, x, 4 - 1, g + z) = 1 Q<t, u, 6, - 1, min(g,f(u)) + z) Q<u, x,f + z, g + z). 
” 
Apply Lemma 2.2 to complete the proof. 
If T, = {u:f(u) Q g(t)} and E(u, w, t) = Ck>, (wk - uk) Ci>k ti, we have 
the system 
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LEMMA 5.2. For t, 0 < t < x \ \ 7 
qt, x) = x qE(t.u,t)t(P--U*)(-g(t)-I) [u - W-(u) - g(t) - 1 I Qtu, x,f, g). (5.1) 
YETt 
Proof (5.1) is valid for t = x since (1.2) implies Q(x, x,f, g) = 1. 
Suppose t # x, and let z be any integer such that f(t) + z > 0. Let h denote 
the function defined by h(u) =g(t) if u E r,, and h(u) =f(u), otherwise. 
Applying Lemma 5.1, first to h and then to f, we find 
Q(t, x, a,- l,g+z)=~q’i-u^” Q(t, u, d,- 1, min(g, h(u)) + z) Qtu, x, h, g> 
= i qciei)’ Q(t, u, 6,- 1, min(g,f(u)) + z) Q(u, x,f, g). 
” 
For each u G? r, the corresponding terms in these sums are identical and can 
be canceled. Thus by Lemma 2.2 we obtain 
L-4 y (~--li)~+E(~,“,~)[u - t, g(t) + z] Q(u, x, h, g) 
UETt 
= ‘7 
Lq (-z+E(t,“~t’[,, - t,f(u) + z] Q(u, x,f, g). (5.2) 
uer, 
Since (5.2) is a polynomial identity in qL which is valid for an infinite 
number of integer z’s, it is valid for all positive real q’ and, hence for all real 
z. In particular, replace z by -g(t) - 1 in (5.2). Since [u - t, -11 = 0 if u # t 
and since Q(t, x, h, g) = 0, the left side of (5.2) is now 0, and the proof of 
(5.1) is complete. 
Let [u, v], = [u, v] if 0 < v or u = 0, and =O, otherwise. Let E’(t, u) 
denote t(C - f)(u^ - f- 1) + (u^ - f)f(u) + (t- 2) g(t) + (u^ - 2) + Eft, u, t). 
Since 0 <g(t) -f(u) for u E Tt in Lemma 5.2, by Lemma 2.3 we can 
rewrite (5.1) as, for any t, 0 < t ,< x, 
qt, x) = 1 (-I)“-’ qE’(t.“) [u - t, g(t) -f(u) - u^ + fl + Q(u, x,f, g). (5.3) 
” 
To solve for Q(0, x,f, g) we first order the linear equations of (5.3) 
following the scheme of [6, 91. Let G denote a relation on (II: 0 <u < x} 
such that u < u’ if and only if ui < uf for at least one i, 1 < i < n. If d 
denotes the cardinality of {u: 0 < u ,< xl, let w,, We,..., wd be an ordering of 
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this set such that 0 = w, << w2 < . . . < wd = x. Under this ordering (5.3) 
becomes the upper triangular system: for i = 1 to d, 
6(wiY x, 
= \l (-l)~~-~iqE'(wi,wj)[Wj _ 
,Ti 
wi 7 g(Wi) -f(Wj) - Gj + ai] + Q<wj, X7.L g)* 
Applying Cramer’s rule to solve this system, we have, after some 
simplification, 
THEOREM 5.3. With the above notation and E(t, u) denoting 
i($ - ;)($ - l?- l) + (; - ()fc”) + Ck (Uk - tk) Ci>k ti, 
where this determinant is indexed by 1 < i < d and 2 <j < d. 
Remark 5.4. Equation (1.3) follows immediately from this theorem. 
With reference to Remark 2.4, let S denote the two-dimensional path set 
1 P E ((f(O), 0): (g(x), x)) $(a) < a <g(n) for (a, u) on BY (v, a) f 
(f(O), O)}. Following the pattern of this section but translating in the 
direction of the first coordinate, we can show 
Q(s) = qbjg~) &t q (1/2)U-it I)(.-i)-jg(i-1) 
(1 < i,j<x). 
EXAMPLE. From (1.3) we can formulate generating functions for 
enumerating certain restricted integer sequences, including restricted 
partitions. Let n denote the set of all nonincreasing integer sequences of 
length m. Let a and b E /i such that b, < ak, 1 < k < m, and let M(s) denote 
the number of 1 E A subject to b, ,< A, < ak, l<k,<m, and 
II,+&+*** + A,,, = s. Thus, 
Y’ M(s) qs = 9”’ det q (1/2)~-itl)~-i)tCi-i+l)(b~-~) 
s 
[ “:!y+J,) 
(1 <i,j,<m). (5.4) 
To see (5.4), first note that 1 E/i determines a unique path p in 
((0, b,): (m, a,)) containing the lattice points (0, A,,,), (1, A,), (1, A,- ,) ,..., 
(m - 1, ,I,), (m, 1,). Therefore, ,I, + ,I, + .‘. + 1, = v(p), where v is detined 
in (1.2). Define f and g by f(k)= b,-,+, - 1 for 1 <k< m, f(O)= b,, 
g(k) = ammk for 0 < k < m, and g(m) = a,. Thus, C M(s) qs = Q(0, m,f, g). 
By (1.3) and some changes of variables, we obtain (5.4). 
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EXAMPLE. Here we give a determinant formula for enumerating the set 
of plane partitions which are bounded above and below by two particular 
plane partitions. More generally, we will consider enumerating restricted 
integer matrices. 
Let /i’ denote the set of all m by r integer matrices (;lii) such that 
lirj, < Jij whenever i < i’ and j < j’. Let a and b be two sequences defined as 
in the previous example. Let 
n,(b, a; 4) = 2 N(s) cf, 
where N(s) denotes the number of matrices in li ’ with ,I,, = ak, Ati > b, for 
all j, and with element sum s. As a generalization of (5.4) we claim that 
‘4 
~1/2~~-i+l~(i-i~+~-i+I~(b~--l~ aj-b,+r-1 
I) r+j-i-1 + 
(1 <i,j<m). (5.5) 
The recurrence relation. 
n,+,(b,a;q)=qal+“‘+~m f? 
am-1 
c,=b 
c . . . 2 n,(b,c;q), 
m  cm--I=~m--I C,=U, 
where uk = max(b,, ck+ I), and the initial condition, lJ(b,a;q)= 
4 a,+a2+. . . +a, completely determine. I7,(b, a; q), for r > 1. By the previous 
example, we have the validity of (5.5) for r = 2, which we can generalize by 
induction to (5.5). This induction proof does not reflect the path-enumeration 
techniques of this paper and is a simple extention of the proofs found in [3; 
1, Sect. 11.2; 9, Sect. 2.31. 
6. q-COUNTS AND THE r-MAJOR INDEX 
Here we shall note the existence of other q-counts for n-dimensional paths. 
For r, 1 < r < n, let 
Q,W = c q’(‘), 
PES 
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where 
cl(P) = s z (P,(j) -P,G- 1)) P<,;k+rPi(J 
j>l k>l 
+ x P(j) z: C (Pk(j) -Pk(j - l))(~i(j + 1) -Pi(d) (6.1) 
j>l k>l i(k-r 
and X=x,+x,+ ... +x,. Note that (Pk(.d -Pk(j - l))(PO -t 1) - 
pi(j)) = 1 corresponds to p turning from the kth to the ith direction at the jth 
vertex. If such a turn is made and if i < k - r, the turn contributes a weight 
of p(j) to p(p). We remark that Q,(S) = Q(,S) for r = n. We can give an 
inductive proof using lattice-path notation to show 
THEOREM 6.1. Q,<P : u)> = [ul. 
The motivation for the definition of Q, and an alternate proof of this 
theorem come from a recent study of permutation statistics of Rawlings 
[lo]. If B denotes the set of permutations of the multiset 1 U12U2 a.. nun, then 
the r-major index of cr = u, CJ~ ... u, E B is defined by 
r-ma-i(o) = s X(Ui - r < Uj < Ui) + C jx(uj > Uj+ , + r), 
i<j jcs 
where x(A) = 1, if A is true and =O, otherwise. The r-major index reduces to 
the usual major index if r = 1 and to the inversion number if r = n. 
Reference [ 10) uses a combinatorial proof to show 
x4 r-maJ(N = [“I, 
ael 
(6.2) 
which generalizes the results for r = 1 and r = n of MacMahon [8]. 
Let v denote the bijection from (0 : u) to B satisfying: v(p), = k if and 
only if p(i)-p(i- l)=e,. It is easily shown that r-maj(w(p)) = p(p) for 
any p E (0 : u). Thus (6.2) implies Theorem 6.1. 
When n = 2 and r = 1, (6.1) reduces to 
Q,(S) = x qucp), where 
PSS 
p(p)= c x(p turns right at (u, v))(u + v). 
(U,U)EP 
The easily proven q-Pascal rule corresponding to this q-count is 
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THEOREM 6.2. 
This rule can be used to obtain an analogue to (3.2) 
COROLLARY 6.3. 
Y+x [ I X =u;xqY+u [y+,-l]+[y+,-11. 
Since q”‘p’ of (6.1) is not multiplicative for r # n and since Q, does not 
enjoy a translation result similar to Lemma 2.2, Q, does not appear to be 
amenable to the development of formulas for q-counting restricted path sets 
as Q is. 
Finally we note the multinomial q-Pascal rule corresponding to Q, when 
r=l. Notice that if uEIN”, II, u-ee,, u-e* ,..., u-e,,, u-ee,-e, ,..., u- 
eI-e2--- e, are the vertices of an n-dimensional cube. 
THEOREM 6.4. 
[U]=S[U-ei]+(q"-'-1)C [u-e,-ej] 
I i<i 
+(q”-2-l)(qu-‘-1) 1 [u-ei-ej-e,] 
i<j<k 
+ . . . + (qC-n+l- I)(q”-“+2 _ 1) ... (qu-l _ 1) 
X/u-e,-e2-----en]. 
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